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ABSTRAT: Severalpracticalinstance®f network designandlocationtheoryproblemsrequire
the network to satisfy multiple constraints.In this paper we studya graph-theoretiproblem
thataimsto simultaneoushaddressa network designtaskanda location-theoreticonstraint.
The Budget Constained ConnectedMedian Problemis the following: We aregiven anundi-
rectedgraphG = (V, E) with two differentedge-weighfunctionse (modelingtheconstruction
or communicatiorcost)andd (modelingthe servicedistance)anda boundB on thetotal ser
vice distance.The goalis to find a subtreeT’ of G with minimum c-coste(T') subjectto the
constraimthatthesumEveV\T disty(v, T') of theservicedistance®f all theremainingnodes
v € V \ T doesnot exceedthe specifiedbudgetB. Here, the servicedistancedist (v, T')
denotesthe shortestpath distanceof v to a vertex in T' with respectto d. This problemhas
applicationdn opticalnetwork designandthe efficient maintenancef distributeddatabases.

We formulatethis problemas a bicriteria network designproblem, and presentbicriteria
approximatioralgorithms.We alsoprove lower boundson the approximabilityof the problem
which demonstrat¢hatour performanceatiosarecloseto bestpossible.

Keywords NP-hardnessipproximationAlgorithms,Network Design,Median,k-MedianProblem Group
SteinerTreeProblem
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1 Intr oduction and Overview

Given an undirectedconnectedgraphG = (V, E) with two differentedge-weight
functionse (modelingtheconstructiorcostof thebackbone/intedatabasénks) andd
(modelingthe servicedistance)the Budget Constained ConnectedviedianProblem
(BccMED) s to find a subtreeT' of G with minimum c-coste(T) = 3, .4 c(e)
subjectto the constraintthatthe sumof the servicedistances) ©, ¢\ 1 dists (v, T') of
all theremainingnodesv € V' \ T to a closestnodein T' doesnot exceeda specified
budgetB. The problemaimsat combiningan objective functiontypical for network
design(costof thetree)with alocation-theoreticonstrainttotal costof coveringthe
nodesotin thetree).

A problemof this naturearisesnaturallyin seseral practicalsettings.Pover-aware
network designis one sucharea. Due to recentadvancesin radio technology re-
searcherhave begunto build ad-hocnetworkswith low-powerradiodevices(se€[16]
andthereferenceshereinfor moredetailson this subject). We illustratethe kind of
problemghatarisein suchsystemsn thecontext of theinformationacquisitionprob-
lemin sensometworks. We are given a setof smallradio devicesthat measurehe
relevant stateof the systemin a continuousfashion. This might correspondo the
temperatur@andmoisturecontentof the soil, or presencef a biological agentin the
atmosphereThe datais periodically sentbackto a basestationfor furtheranalysis.
The power consumedy the sensorss proportionalto the amountof datatransmitted
aswell asthe rangeof the transmitter We assumeor uniformity that eachsensor
hasthe sameamountof datato transmit. The goal is to selectpower levels (which
is proportionalto the d-edgecostsin our formalism)andappropriateclusterheadto
relayinformationamongsthe sensorsoasto minimize thetotal power consumed.

Anotherareawheresucha problemmight ariseis in the designof modernopto-
electronicnetworks. Interfacingoptic andelectronicnetworks hasbecomeanimpor-
tantproblemin telecommunicatiometwork design[25,27]. As anexample,consider
the following problem: Given a setof sitesin a network, we wish to selecta subset
of the sitesat which to placeoptoelectronicswitchesandrouters.The backbonesites
shouldbe connectedogetheusingfiber-opticlinks in aminimum-costree,while the
endusersareconnectedo thebackbonevia directlinks. Themajorrequirements that
thetotalaccesgostfor theuserss within aspecifiedoound whereagheconstruction
costof thebackbonenetwork shouldbe minimized.

Similar problemsarisein the efficient maintenancef distributed database$5, 6,
9,20,28]. Otherapplicationsof BccMED includelocationtheoryandmanufcturing
logistics(see[25,27] andthereferencesgitedtherein).

In this paperwe studythe complexity andapproximabilityof BCcCMED. The paper
is organizedasfollows. In Section2 we formally definethe problemunderstudyand
thenotionof bicriteriaapproximation Section3 containsa brief summaryof themain
resultsin the paper In Section4, we discusshow BccMED andits “bicriteria dual”
arerelatedto otherknown problemsin theliterature.In Section5 we prove hardness
results. Section6 containsa fully polynomial approximationschemeon trees. An
approximatioralgorithmfor thegenerakaseis presentedn Section?.



Budget ConstmainedMinimumCostConnectedVledians 3

2 Problem Definition and Preliminaries

Throughoutthe paperG = (V, E) denotesa finite connectedindirectedgraphwith
n := |V| verticesandm := | E| edges.The Budget Constained Connectedviedian
Problemproblemconsideredn this paperis definedasfollows:

DEFINITION 2.1 (BudgetConstrainedConnectedvledianProblem(BCcCcMED))

An instanceconsistsf a connectedindirectedyraphG = (V, E) with two different
nonngyative edge-cosfunctionsc: E — Q. (modelingthe constructionor com-
municationcost)andd: E — Q, (modelingthe servicedistance)anda bound B
on the total servicedistance. The problemis to find a subtreeT’ of G of minimum
coste(T) := ) 1 c(e) subjectto the constraintthatthe total servicedistanceof all
verticesfrom V' \ T is atmostB, thatis,

servicg(T) := > disty(v,T) < B,
veV\T

wheredisty(v,T) := minger disty(v, T) anddisty(v,u) denotesthe shortestpath
distancebetweenverticesv andw with respecto the edge-costunctiond.

The problemBccMED canbe formulatedwithin the framework developedin [18,
23]. A generidbicriterianetwork designproblem,( f1, f2, '), is definedby identifying
two minimizationobjecties, f; and f», from a setof possibleobjectives,andspeci-
fying a membershipequiremenin a classof subgraphd™. The problemspecifiesa
budgetvalueon thefirst objectie, fi, andseeksto find a network having minimum
possiblevaluefor thesecondbobjective, f», suchthatthis network is within thebudget
onthefirst objective f;. Thesolutionnetwork mustbelongto thesubgraph-clasE. In
this framewnork BCCMED is statedas(TOTAL d-SERVICE DISTANCE, TOTAL ¢-EDGE
COST, SUBTREE): thebudgetedobjective f; is thetotal servicedistanceservice(T')
with respecto the edgeweightsspecifiedby d, the cost-minimizatiorobjective f5 is
thetotal c-costof the edgesin the solutionsubgraphwhichis requiredto be a subtree
of the original network.

DEFINITION 2.2 (Bicriteria ApproximationAlgorithm)

A polynomialtime algorithmfor a bicriteria problem(f1, f2,T) is saidto have per-
formance(a, ), if it hasthefollowing property: For ary instanceof (fi, f2,T), the
algorithmproduces solutionfrom thesubgraptclassI” for which thevalueof objec-
tive f; is at mosta timesthe specifiedbudgetandthe valueof objectie f5 is atmost
B timestheminimumvalueof asolutionfrom I" thatsatisfieghe budgetconstraint.

We also usethe term “(«a, 3)-approximationalgorithm” to refer to an algorithm
with performancea, 8). A (1, c¢)-bicriteriaapproximationalgorithmfor a bicriteria
problem(f, fo,T) is alsoreferredto asa c-approximatioralgorithm.

DEFINITION 2.3 (Fully PolynomialApproximationScheme)

A family { A} of approximatioralgorithms,is calledafully polynomialapproxima-
tion schemeor FPAS if algorithm A, isa (1,1 + €)-approximatioralgorithmandits
runningtimeis polynomialin the sizeof theinputand1/e.
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As discussedh [18,23], for genericbicriteriaproblemswe cannaturallyformulate
a variantof the BccMED in which we interchangethe two objectves. More pre-
cisely in this casewe put a boundon the costof the tree and seekto minimize the
costof coveringthe nodesnotin thetree. Theresultingproblemis (TOTAL ¢-EDGE
COST, TOTAL d-SERVICE DISTANCE, SUBTREE). In [18,23], the generalrelation-
ship betweensuchbicriteria problemsis studiedfrom the standpointof approxima-
bility. It follows from theseresultsthat an («, 3)-approximationalgorithmfor Bc-
CMED (statedas(TOTAL d-SERVICE DISTANCE, TOTAL ¢-EDGE COST, SUBTREE) in
the form of the frameawork from [18, 23] asnotedabove) implies the existenceof an
(8, (1+ €)a)-approximatioralgorithmfor its “bicriteria dual” (TOTAL ¢c-EDGE COST,
TOTAL d-SERVICE DISTANCE, SUBTREE) for ary fixede > 0.

3 Summary of Results

In this paperwe studythe compleity andapproximabilityof the problemBccMED.
Our mainresultsincludethefollowing:

1. BccMED is NP-hardevenontrees.Thisresultcontinuego hold evenif theedge-
weightfunctionsc andd areidentical. We strengtherthis hardnessesultto obtain
NP-hardnesén the strongsensdor bipartitegraphs.

2. For generafraphswe shawv thatunlessNP C DTIME(N'98198 V) ‘therecanbeno
polynomial-timeapproximatioralgorithmfor BccmEeD with aperformancél, (1/20—
¢) Inn), wheren denoteghe numberof verticesin theinputgraph.

Underthewealer assumptiorthatP # NP, we show thatthereexists a constant
~ > 0, suchthatthereis no approximatioralgorithmfor BccMED with a perfor
manceof (1,vInlnn).

Ourhardnessesultsarecomplementedby the following approximatiorresults:

1. Thereexistsa FPAS for BCCMED ontrees.

2. Forary fixede > 0 thereexistsa (14, (1+1/¢)O(log® n log log n))-approximation
algorithmfor BCcCMED on generalgraphs.

As shovnin thenext sectionthe BccMED problemis closelyrelatedto the Travel-
ing PurchaserProblem The recentapproximationalgorithmsfrom [25] canbe used
to obtainresultsfor BCCMED with metric c-cost. However, our resultsapply without
thisrestrictionandgive a slightly betterapproximatiorguarantee.

4 PastWork and Relationshipwith Other Problems

In the past, several service-constrainethinimum-costnetwork problemshave been
consideredn [1, 8,17,21,22]. Thesepapersconsiderthe variantthat prescribesa
budgeton the servicedistancefor eachnode. The goal is to determinea solution
subgraphiwhich in someof the cited papersis a salespersotour andin othersis a
subtreeubjectto the budgetconstraintf theverticesnotin the solution.
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In casethatthe solutionsubgraphmustbe a salespersotour, nodesrepresentus-
tomersandthe serviceradiusrepresentshe distancea customeiis willing to travel to
meetthesalespersorThegoalis to find aminimum-lengthsalespersotour sothatall
the (customernodesarestrictly serviced.Restrictionsof the problemsto geometric
instancesvereconsideredn [1,17,24].

Theseproblemsaresimilarto BccMeD studiedhere,the primary differencebeing
in theway thelocation-theoreticonstraints formulated.In the currentpaperwe put
abudgeton the sumof the costsof the nodesnot in thetreewhile the papergeferred
to above considera budgeton the maximundistance Thisis similar to the difference
betweerthe k-CenterProblemandthe k-MedianProblemproblemsconsideredn the
literature.

An importantmotivationfor theproblemconsideredn the currentpaperis to define
and study problemsthat simultaneouslyaddresdocation-theoretiand connectvity
constraints We believe that sucha generalizatioron the onehandallows morereal-
istic modelsof several practicalproblemsand on the otherhandmight prove useful
in obtaininga moreunifiedtheoryof approximationalgorithmsfor thesetwo closely
relatedclassef problems.

4.1 Relationshigo otherproblems

BccMED problemis relatedto and generalizeseveral well known network design
andlocationproblems.We discussa few of theseproblemsin orderto illustratethe
connections.

4.1.1 Metric k-MedianProblem

GivenacompleteundirectedgraphG = (V, E), ametricedge-weighfunctiond: E —
R>( andapositive integerk, the k-MedianProblemis to find a setof nodesU C V,

|U| = k suchthat}_, .y, d(v,U) is minimized. Here,d(v, U) is the smallestdis-
tanceof the vertex v to a vertex in U. The “bicriteria dual” problemto BCCMED,

namely(TOTAL ¢-EDGE COST, TOTAL d-SERVICE DISTANCE, SUBTREE), canbeseen
asa generalizatiorof the metric k-MedianProblem.Namely givenaninstancel of
the k-Median Problem we constructaninstancel’ = (G, ', d', B') of (TOTAL c-

EDGE COST, TOTAL d-SERVICE DISTANCE, SUBTREE) asfollows: (1) the graphG’

specifiedn I' coincideswith G, (2) thed'-costontheedgesf G’ is definedasin the
instanceof k-MedianProblem,(3) we setc’(e) = 1 for all edgese € G’ and(4) the
budgetB’ onthetreecostis B’ := k — 1. It is clearthatthe thereis a solutionof

costC for I if andonly if thereis solutionof the samecostfor I'. This yieldsthe
following result:

THEOREM 4.1

A (1, 8)-approximationalgorithmfor the (TOTAL ¢-EDGE COST, TOTAL d-SERVICE
DISTANCE, SUBTREE) problemimplies a 3-approximationalgorithmfor the metric
k-MedianProblem. [ |
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4.1.2 GroupSteinerProblem

Givena completeundirectedgraphG = (V, E) with edgeweightsc(e) (e € E) and
acollectionGy, ..., Gy of (notnecessarihdisjoint) subsetof V', the Group Steiner
TreeProblem(GST)consistof finding a subtreeof G of minimum costsuchthatthis
tree containsat leastone vertex from eachof the groupsGs,...,G. Gamg, Kon-
jevod andRavi [14] deviseda randomizedoly-logarithmicapproximatioralgorithm
for the GST problem. Charikaret al. [7] shoved how to derandomizeahe algorithm
thusyielding a deterministicalgorithmfor GST with poly-logarithmicperformance
guarantee.

Givenaninstancel of GST, we constructaninstancel’ = (G',c',d', B') of Bc-
cMED asfollows. To createG’, remove from G all Steinervertices(thosenot con-
tainedin ary group). Definec'(u,v) for u,v € V(G') to be their shortest-patte-
distancen G. For eachgroupG;, setd’(e) = 0 for all edgessuchthatbothendpoints
arein G;. Thed'-costof eachremainingedgeis setto somelarge numberandthe
budgetB’ is setto 0. Now givena solutionof costC for I, it is easyto constructa
solutionof costatmost2C for I': simply usetheverticesof thetreeT' generatedor I
asthe verticesof the solutiontreeT” for I'. The'-costof T” is no morethantwice
thec-costof T' becausehe costof terminal-to-terminakdgesof 7' hasnotincreased,
andthe costof eachSteinerto-terminalor Steinefto-Steineredgeof 7' may in the
worst casebe countedtwice in 7. Corversely assumehat G’ containsa tree T’
of costC’ for I'. The budgetconstraintimplies thatwe will pick at leastone node
from eachgroupG;. Thus,T’ canbe usedasa solutionfor I no more expensie
thanC". This approximation-preservingeductionfrom GSTto BccMED impliesthe
following result:

THEOREM 4.2
A (1, 8)-approximatioralgorithmfor the BCcCMED problemimpliesa23-approximation
algorithmfor the GroupSteinertreeproblem. [ |

The theoremshould be comparedto the approximationalgorithm for BCCMED
givenin Section7; it implies a nearly bestpossiblesolutionto BcCMED giventhe
currentstatusof the GST problem.

4.1.3 k-Minimum Spanninglree

Givena completeundirectedgraphG = (V, E) with nonneyative edgeweightsc(e)
(e € E), thek-MinimumSpanninglreeProblem(k-MST)asksto find atreespanning
atleastk nodesin V' of minimum cost. Therehasbeena substantiabmountof re-
searchon providing upperandlower boundsfor the k-MST problem(see[2, 13,26];
currentlythe bestresultsarethosein [2, 3] for boththe geometricandnon-geometric
case).Givenaninstancel of the k-MST problemwe cantransformit to aninstance
I' = (G',d,d,B") of BccMeD asfollows: Oncemore, the graphG’ is identical
to G specifiedin I. Thec'-costsin I' areequalto the respectie c-costsgivenin I.
Thed’'-costof eachedgein I’ is setto 1. We placeabudgetB’ := (n — k) onthe
total d'-servicecost. This in particularimplies that ary feasiblesolutionfor I' can
leave at mostn — k verticesout of thetree;in otherwords,it mustcontainat leastk
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vertices.It is now easyto seehow to obtain—givena (1, 3)-approximatioralgorithm
for BccmED—a solutionwith performanceyuarantee? for the k-MST problem.

4.1.4 Traveling PurchaseProblem

The BccMmED problemis alsocloselyrelatedto a well studiedvariantof the classical
traveling salespersoproblemcalledthe Traveling PurchaserProblem(see[25] and
thereferencesherein).In thisproblemwe aregivenabipartitegraphG = (M UP, E),
where M denotesa setof marketsand P denotesthe set of products. Thereis a
(metric) costc;; to travel from markets to market j. An edgebetweermarkets and
productp with costd;, denoteshe costof purchasingoroductp at markets. A tour
consistsof startingat a specifiedmarket visiting a subsetof market nodes,thereby
purchasingall the productsand returningto the startinglocation. The costof the
touris the sumof thetravel costsusedbetweemmarketsandthe costof buying each
of the products. The budgetedversionof this problemas formulatedby Ravi and
Salman25] aimsatfinding a minimum-costour subjectto abudgetconstrainonthe
purchasingcosts.

It is easyto seethat an («, 8)-approximationalgorithm for the budgetedtravel-
ing purchaseiproblemimplies an («, 23)-approximationfor BCCMED with metric
c-cost: just deleteone edgeof the tour to obtaina tree. Using the (1 + ¢, (1 +
1/€)O(log® m log log m))-approximatioralgorithmfrom [25] we geta (1 + €, 2(1 +
1/€)O(log® m log log m))-approximatiorfor BCCMED with metric c-cost. Our algo-
rithm givenin Section7 useghetechniquesrom [25] directlyandimprovesthisresult
by afactorof 2. In addition,it doesnotrequirethatthe costc be metric.

5 HardnessResults

THEOREM 5.1
TheproblemBccMED is NP-hardevenontrees.This resultcontinuego hold evenif
we requirethetwo costfunctionsc andd to coincide.

PrROOF. We usea reductionfrom the PARTITION problem,which is well known to
be NP-complete[12, ProblemSP12]. Given a multisetof (not necessarilydistinct)
positive integers{ay, ..., a,}, the questionis whetherthere exists a subsetU C
{1,....n} suchthat}"; iy ai = > 0y ai-

Givenary instanceof PARTITION we constructastarshapedyraphG havingn + 1
nodes{z,z1,...,2,} andn edges(z,z;), i = 1,...,n. We definec(z,z;) :=
d(z,z;) == a;. LetD := Y7 | a;. We setthe budgetfor the servicecostof thetree
tobe B := D/2. It is easyto seethatthereexists a feasibletreeT of coste(T) at
mostD/2 if andonly if theinstanceof PARTITION hasasolution.

We caneasilymake the treebinary by addingdummynodesandaddingedgesof
c-costsandd-costsequalto 0. Theseresultsimmediatelyimplies NP-hardnessf the
BccMED problemfor graphsthat are simultaneouslyof boundedtreavidth, planar
andof boundeddegree.

Next, we giveinapproximabilityresultsfor generagraphs Beforestatingthe hard-
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nessresultwe recall the definition of the MIN SET COVER problem[12, Problem
SP5]andcite the hardnessesultsfrom [4, 11] aboutthe hardnes®f approximating
MIN SET CoVvER. An instance(U,S) of MIN SET COVER consistsof a finite set
U of groundelementsand a family S of subsetsof U. The objectie is to find a
subcollectiorC C S of minimumsize|C| which containsall the groundelements.

THEOREM 5.2 (Feige[11])

UnlessNP C DTIME(N®(logleg N)) for any e > 0 thereis no approximationalgo-
rithm for MIN SET CovER with a performancef (1 — €) In |U|, whereU is the set
of groundelements.

THEOREM 5.3 (AroraandSudan4])

Thereexists a constant; > 0 suchthat,unlessP = NP, thereis no approximation
algorithmfor MIN SET CoveR with aperformancef n1n |U|, whereU is the setof
groundelements. [ |

We arenow readyto prove the resultaboutthe inapproximabilityof BCCMED on
generapraphs.

THEOREM 5.4

The problemBccMED is strongly NP-hard even on bipartite graphs. If there ex-
ists an approximationalgorithmfor BCCMED on bipartite graphswith performance
(1, f(IV])), wheref(|V]) € O(ln |V]), thenthereexistsanapproximatioralgorithm
for MIN SET CovER with performance f(2|U| + 2|S|). All resultscontinueto hold
evenif we requirethetwo costfunctionsc andd to coincide.

PrROOF. Let (U, S) beaninstanceof MIN SET COVER. We assumewithout loss of
generalitythatthe minimum-sizesetcover for this instancecontainsat leasttwo sets
(implying alsothat|U| > 2).

For eachk € {2,...,n} weconstructaninstancel;, of BCccMED asfollows: The
bipartitegraphconstructedor instancely, has|Vi| = 2|U| +2|S| +2 -k < 2(|U]| +
|S|) vertices.First constructhe naturalbipartitegraphwith nodesetU U S. We add
anedgebetweeranelementnodeu € U andasetnode S € S if andonlyif u € S.
We now adda root noder which is connectediia edgedo all the setnodesfrom S.
Finally, weaddasetL;, of |[U|+|S|—k+1 nodeswhichareconnectedo therootnode
viatheedges(l,r), I € Ly. Let A := k[f(|Vk])] + 1. The edgeshetweenrelement
nodesandsetnodeshave weight A, all otheredgeshave weight1. Thebudgetonthe
servicecostfor instancely, is setto By, := |Lg| + A|U| + |S| — k. Theconstruction
is illustratedin Figurel.

As notedabove, the bipartitegraphconstructedor instancel}, has|V| = 2|U| +
2|8 +2 -k <2(|U| + |S|) vertices.Thus, f(|Vi|) < f(2|U]| + 2|S)).

The main goal of the proof is to shav that (i) if thereexistsa setcover of sizek,
theninstancel;, of BCCMED hasa solutionwith value at mostk; (ii) ary feasible
solutionfor instancel}, of BCccMED with costC' < f(|Vi|)k canbe usedto obtain
a setcover of sizeat most2C. Usingthesetwo propertiesof the reduction,we can
shaw thatary f(|V|)-approximatiorto BCccMED transformsnto a2 f(2|U| + 2|S])-
approximatiorfor MIN SET CovER: Findtheminimumvaluek* € {2,...,n} such
thatthe hypotheticalf-approximatioralgorithmA for BCCMED outputsa solutionof
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1Ll = Ul + S| =k +1
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\

FiG. 1. Constructiorusedin the proof of Theorem5.4. Solid edgesareof weight1,
dashecedgeshave weight A = k[ f(|Vi|)] + 1.

costatmost f (|Vi+|)k* for instancel. . By property(i) andthe performanceof A it
follows thatk* is no greaterthanthe optimal sizesetcover. By property(ii) we get
a setcover of sizeat most2f(|V+|)k* which is at most2f(2|U| + 2|S|) timesthe
optimalsizecover.

Wefirst prove (i). Any setcoverC of sizek canbeusedto obtainatreeby choosing
the subgraphinducedby the setnodescorrespondingo the setsin C andthe root
noder. Clearly, thecostof thetreeis k. Sincethesetsin C form acover, eachelement
nodeis within distanceof A from avertexin thetree. Thus,thetotal service-cosof T
isnomorethanA|U| + |S| = k + | Li| = B.

We now addresgii). AssumecornverselythatT is a solutionfor I, with valueC,
i.e.,atreewith servicg(T) < By ande(T) = C < f(|Vi|)k. Wefirst shav thatthe
rootnoder mustbe containedn thetree.

Assumefor the sale of a contradictionthatr ¢ T'. SinceA > C + 1, thetreeT
cannot containary edge(s,u) wheres € S is asetnodeandu € U is anelement
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node.Hence,t followsthatT consistof asinglenodev €e UUS U L. If T = {v}
with v € U, theneachelementinodefrom U \ {v} is atdistanceatleast2A from T
andeachnodefrom Ly is atdistanceatleast2 + A > 3 from T'. Consequentlythe
servicedistancecostof T' is atleast

2A(JU| = 1) + 3|Lg| = B + (JU| = 2)A +2|U| +|S| — k + 2 > By,

which contradictghatT is feasible.If T' = {v} with v € S, thentheservicedistance
costof T is atleast

AU 4+ 2|Lg| +2(]S| = 1) + 1 = By + |Lg| + |S| + k — 1 > By,

which is againa contradiction.In the above calculation thetermsin the first expres-
sionaccountor theelemenmnodesthenodesfrom Ly, the|S| — 1 setnodesnotin T
andthe root in this order It remainsto coverthe casethatT = {v} with v € Ly.
Then,theservicedistancecostof T' is no smallerthan

(A+2)|U|+2(|Lk] — 1) + 14 2|S| = Bx + 2|U| + L, + |S| + £k — 1 > By.

This completesthe proof of the fact that the root noder mustbe containedin the
treeT. Noticethat, sincer € T, we have thatthe numberof nodesfrom L, U S
containedn treeequalsits c-cost,thatis C = ¢(T') = |T' N (L, U S)|.

We now shaw thatthe collectionC of setnodesspannedy thetreeT canbeused
to obtaina cover of sizeatmost2C. Let Uz C U bethe subsebf elementodesnot
coveredby the collectionC of sets.For eachelementu € Uy its distanceto any node
in T is atleastA + 1. Theservicecostof T thussatisfies:

servicg(T) > |Liy| + A|U|+|Ue|+|S| = |TN(LxUS)| = Br+k+|Uc|—C. (5.1)

Ontheotherhand sinceT is feasible servicg(T) < By, andhencewe getfrom (5.1)
that|Uc| < C — k < C. In words,the numberof elementdeft uncoveredby the
collectionC of setsis atmostC, the costof thetreeT'. Hence we canaugment to
avalid cover by addingat most|U¢| < C sets. This leadsto a setcover of sizeat
most2C.

COROLLARY 5.5

(i) UnlessNP C DTIME(N'e&!°e V) for ary e > 0 therecanbeno polynomialtime
approximationalgorithmfor BccMeD with a performance(1, (1/20 — €) Inn),
wheren denoteghe numberof verticesin theinput graph.

(ii) Thereexistsaconstanty > 0 suchthat,unlessP = NP, thereis noapproximation
algorithmfor BccMmED with aperformancef (1,vInlnn).

PROOF. To prove part (i), we usethe following fact: The instancesof MIN SET
CoVER usedin [11] have the propertythatthe numberof setsis at most|U|®, where
U is thegroundset(see[10] for anexplicit computatiorof the numberof setsused).
Hencefor (i), it sufficesto shav thatary approximatiorfor BCCMED canbe usedto
obtainan approximatiorfor thoseinstancegU, S) of MIN SET CoVER with |S| <
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|U|>. For the sale of referencewe call thoseMIN SET CovER-instancedow set
numberMIN SET COVER-instances

By Theoremb5.4 the existenceof an approximationalgorithmfor BCCMED with
performance(1,clnn) for somec > 0, implies that there exists an approxima-
tion algorithmfor all low sethnumberMIN SET COVER instanceswvith performance
2¢In(2|U|+2|U°). Noticethatfor |U| > 2wehave2¢In(2|U|+2|U|?) < 4cln|U|? =
20cIn|U|. By the hardnessesultof [11] we musthave 20c > 1, or ¢ > 1/20 (under
theassumptiorthatNP ¢ DTIME(N'°g8 e V)), This provespart(i) of thecorollary.

Part (ii) is provedin asimilarway. Noticethatfor ary instance(U, S) of MIN SET
COVER the numberof setsis boundedby 2!V, By Theorem5.4, an approximation
for BccMED with performancel, ¢1n Inn) implies an approximationalgorithmfor
(the general)MIN SET CovER-problemwith performanceclnln(2|U]| + 2|S]) <
2¢InIn(2|U| + 2 - 2!Ul) < 8¢In |U|. Theclaimfollows becauseinlessP = NP [4],
we have 8¢ > 7 for someconstant) > 0. [ |

6 Approximation Schemeon Trees
We first consideithe problemBccMED whenrestrictedto treesandpresenan FPAS.

THEOREM 6.1
Thereis a FRAS for BccMED on treeswith runningtime O(log(nC)n?/€2), where
C denoteghe maximume-weightof anedgein thegiveninstance.

PROOF. Let I bea giveninstanceof BccMeD andlet T' = (V, E) bethetreegiven
in I. We root thetreeat an arbitraryvertex r € V. In the sequelwe denoteby T,
the subtreeof T rootedatvertex v € V. SoT, = T. Without lossof generalitywe
canassumehatr is containedn someoptimal solutionI (we canrun our algorithm
for all verticesastherootvertex). We canalsoassumevithoutlossof generalitythat
therootedtree T is binary (sincewe canaddzero costedgesand dummynodesto
turnit into a binarytree). Finally, we canassumehatall edgeweightsc(e) (e € E),
areintegral, sinceotherwisewe canmultiply the rationalnumbersby their common
denominatoandconsidertheresultingproblem.

Let T* = (V*, E*) be an optimal solutionfor I which containsr. Denoteby
OPT = ¢(T™) its cost. DefineC' := max.cg c(e) andlet K € [0, (n — 1)C] bean
integral value. Thevalue K will actas“guessvalue”for the optimal costin thefinal
algorithm. Notice thatdueto our integrality assumptioron the c-weightsthe optimal
costis anintegerbetweer0 andnC.

For avertex v € V andanintegerk € [0, K] we denoteby D[v, k] the minimum
servicecostof atreeTy , servicingall nodescontainedn the subtreeT’, rootedat v
andwhich hasfollowing properties:(1) 77, containsv, and(2) C(T:,k) < k. If no
suchtreeexists,thenwe setD[v, k] := +o00. Noticethat

o(T*) =min{k: D[r,k] < B}.

Letv € V bearbitraryandlet v;, v, beits childrenin therootedtreeT'. We shav
how to computeall thevaluesD[v, k], 1 < k < B giventhevaluesD|v;,-],i = 1,2.
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Fori=1,21etS; =}, cr Au dist(w,v). If v; isnotin thetreeT; , thennone
of theverticesin T, canbecontainedn 777 ;. Let

X =851+ 5,
and
Yy, := min{ D[v1, k'] + D[va, k"] : k' + k" = k — ¢(v,v1) — ¢(v,v2) }.
Thenwe have that
Dlv, k] = min{Ss + D[v1,k — c(v,v1)], S1 + D[va, k — c(v,v1)], Xk, Y }

Thefirst termin thelastequationcorrespondso the casethatw; isin 7,y but notwv,.
The secondtermis the symmetriccasewhenwv, is in the treebut not v;. The third
term concernghe casethatnoneof v; andw, is in thetree. Finally, the fourth term
modelsthe casethatboth childrenarecontainedn 77 ;..

It is straightforvardto seethatthis way all thevaluesDJ[v, k], 0 < k < K canbe
computedn O(K?2) time giventhe valuesfor the childrenv; andw,. Sincethetable
valuesfor eachleaf of T' canbe computedn time O(K), the dynamicprogramming
algorithmcorrectlyfinds anoptimal solutionwithin time O(nK?).

Lete > 0 beagivenaccuray requirementNow considerthe following testfor a
paramete®M € [0, (n —1)C]: Firstwe scaleall edgecostsc(e) in thegraphby setting

cMe) := [%-‘ . (6.1)

We thenrun the dynamicprogrammingalgorithm above with the scalededgecosts
andK := (1 + 1/e)(n — 1). We call the testsuccessfuif the algorithm givesthe
informationthat D[r, K] < B. Obsenethattherunningtime for onetestis (9(’6‘—2).

We now prove that the testis successfulf M > oPT. To this endwe have to
shawv thatthereexistsa treeof costat most K suchthatits servicecostis at mostB.
RecallthatT* denotesanoptimalsolution. Sincewe have only scaledthe c-weights,
it followsthatT™ is alsoafeasiblesolutionfor the scalednstancewith servicecostat
mostB. If M > oPT we have

doMe)< > (%H) gn:1+|T*|§ (1+%) (n—1).

ecT™ ecT*

Hencefor M > opT, thetestwill be successful\We now usea binary searcho find
theminimuminteger M’ € [0, (n — 1)C] suchthatthetestdescribechbose succeeds.
Ourargumentsrom aboveshav thatthevalueM' foundthisway satisfiesM’ < opT.
LetT' bethecorrespondindreefoundwhich hasservicecostno morethanB. Then

Z cle) < M'e Z M (e) < M'e (1 + %) (n—1) <(1+¢€)oPT. (6.2)

-1
ecT’ ecT’ n
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Thus,thetreeT” foundby ouralgorithmhascostatmostl + € timesthe optimalcost.
The runningtime of the algorithmcanbe boundedasfollows: We run O(log(nC))
testson scaledinstancesgachof which needstime O(n?/e?) time. Thus,the total
runningtime is O(log(nC)n?3/e?), which is boundedby a polynomialin the input
sizeand1/e. ||

7 Approximation Algorithm on General Graphs

In this sectionwe usea linear programmingrelaxationin conjunctionwith filtering
techniqueg(cf. [19]) to designan approximationalgorithm. The algorithm and its
analysisarevery similar to thosegivenin [25] for the TravelingPurchaserProblem
Thebasicoutlineof our algorithmis asfollows:

1. FormulateBccMED asaninteger linear program(IP).*

2. Solvethelinear programmingrelaxation(LP) of this (IP).

3. With the help of the optimal fractional solutiondefinea service-clustefor each
vertex. Thegoalis to serviceeachvertex by onenodefrom its cluster

4. Solve a GroupSteinerTreeproblemonthe clustergo obtainatree.

7.1 Integer Linear ProgrammingFormulationand Relaxation.

In the following we assumeagainthat thereis one noder (the root) that mustbe
includedin thetree. This assumptions without lossof generality Considerthefol-

lowing integerlinearprogram(IP) whichwewill show to bearelaxationof BCCMED.

The meaningof the binary decisionvariablesis asfollows: z, = 1 if andonly if

edgee is includedin thetree;furthermorez,,,, = 1 if andonly if vertex w is serviced
by v.

(IP) min Z c(e)ze

ecE
> ww=1 (w e V) (7.1)
veV
>0 disty(v, w)aw < B (7.2)
veV wev
ddwt Y zu>1 (weV,ScV,r¢s) (7.3)
vgS vES,ugS
ze € {0,1} (e € E) (7.4)
Ty € {0,1} (weV,weV) (7.5)

Theconstraintg7.1) ensurehateveryvertex is serviced constrain{(7.2) enforceshe
budget-constrainbn the servicedistance. Inequalities(7.3) are a relaxationof the
connectity andservicerequirements:For eachvertex w and eachsubsetS which

1TheIP-formulationwhich we are goingto useis actuallyarelaxationof BCCMED.
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doesnot containtheroot r eitherw is servicedby anodein V' \ S (thisis expressed
by thefirst term)or theremustbe a anedgeof T' crossingthe cutinducedby S (this
is expressedy the seconderm).

The linear programmingrelaxation(LP) of (IP) is obtainedby replacingthe inte-
grality constraintg7.4) and(7.5) by the constraints, € [0,1] (e € E) andz,,, €
[0,1] (v e Vw € V).

LEMMA 7.1
Therelaxation(LP) of (IP) canbesolvedin polynomialtime.

ProoF. We shaw thatthereis a polynomialtime separatiororaclefor the constraints
(7.3). Usingtheresultfrom [15] impliestheclaim.

Supposehat(z, z) is a solutionto be testedfor satisfyingthe constraintq7.3) for
afixedw. We setup a completegraphwith edgecapacities:,,, (u,v € U). We then
adda new nodew andedges(w, v) of capacityz,,, for all v € V. It is now easyto
seethatthereexists a cut separating: and«w of capacitylessthanoneif andonly if
constraintg7.3) areviolatedfor w. [ |

7.2 ServiceClustes and Group SteinerTreeConstruction.

Lete > 0. Denoteby (&, 2) the optimal fractional solutionof (LP) andby Z,p :=
> .cr cle)Z. theoptimalobjectie functionvalue. For eachvertex w € V definethe
value

By = Z disty (v, w)Eyw

veV
andthe subse(servicecluster)

Gule) = {v eV :disty(v,w) < (1+€)By }.

Thevalue B,, is the contrikution of vertex w to the total servicecostin the optimal
fractionalsolutionof thelinearprogram.The setG,, (¢) consistf all thosevertices
thatare“sufficiently close”to w.

LEMMA 7.2
Foreachw € V wehave: . (o dvw > €/(1+¢).

PROOF. If theclaimisfalsefor w € V thenwehave}’ . () Fvw > 1—€/(1+¢€) =
1/(1 +¢€). Thus

B, = Z disty(v, w) Ty > Z disty(v, w)Eyw > (14€)By, Z Tyw > Buy.
vEV VEGy (€) vEGw(e)

Thisis a contradiction.Hencethe claim musthold. [ |

Next, we will usethe Group SteinerTree Problem(GST) asa subroutineto com-
pletethe solution (seeSection4.1.2for a definition of GST). Considerthe instance
of GST on the graphG givenin the instanceof BCCMED wherethe groupsarethe
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setsGy (e) (w € V), andtheedgeweightsarethe c-weights. This problemis formu-
latedasanintegerlinear programasfollows:

(GST) min z c(e)ze

ecE
> zw>1 (SCV,r¢S,Gule) C S for somew)
vES,w¢S
ze € {0,1} (e € E)

Thealgorithmfrom [7] findsa groupSteinertreeof costO(log® m log log m) times
> ecrcle)z; = Zip.gst, wherez; denoteshe optimalfractionalsolutionof the LP-
relaxation(LP-GST)andZ p.cst denotests objective functionvalue.

LEMMA 7.3
Denoteby Z, p.cst and Z, p the optimal valuesof the LP-relaxationsof the integer
linearprogramgGST)and(IP), respectiely. ThenZ p.cst< (1 4+ 1/€) Zp.

PrROOF. We shaw thatthe vector z definedby Zz,,, := (1 + 1/€)2,,, is feasiblefor
theLP-relaxationof (GST). Thisimpliestheclaim of thelemma.To thisendlet S be
anarbitrarysubsetsuchthatr ¢ S, Gi(€) C S for somew and}_, g ,¢5 Zvw <
1. Since(#, 2) is feasiblefor (LP), it satisfiesconstraint(7.3), i.e., 2U¢S Tow +

ves,wes 2vw > 1. Hencewe getthat

Z 2vw21_2§7vw

vES,WwES v¢S
>1— ) dy (sinceG., () C S)
v Gy (€)
€
>1-(1- by L 7.2
> ( 1+6> (by Lemma7.2)
_ €
T 1+4€

Multiplying theabove chainof inequalitiesby 1 + 1/e shavsthatz is feasiblefor the
LP-relaxationof (GST). [ |

Hencewe know that Zip.gst < (1+ %) Zip < (1+ 1) oPT. HereopT denotes
the optimal solutionfor the instanceof the BccMEDproblem. We cannow usethe
algorithmfrom [7] to obtainagroupSteinertree.By thelastchainof inequalitieshis
treeis within afactor(1 + 1/€)O(log® m loglogm) of the optimalsolutionvaluefor
theinstanceof BccMED while thebudgetconstrainbntheservicedistancds violated
by afactorof at most1 + €:

THEOREM 7.4
For ary fixede > 0 thereis a (1 + ¢, (1 4+ 1/€)O(log® m log log m))-approximation
algorithmfor BCCMED. [ |
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